Abstract: Waveform lidar provides both geometric and waveform properties from the entire returned signals. The waveform analysis is an important process to extract the attributes of the reflecting surface from the waveform. The proposed method analyzes the geospatial relationship between the return signals by combining the sequential waves. The idea of this method is to analyze the waveform parameters from sequential waves. Since the adjacent return signals are geospatially correlated, they have similar waveform properties that can be used to validate the correctness of the extracted waveform parameters. The proposed method includes three major steps: (1) single-waveform processing for the initial echo detection; (2) multi-waveform processing using waveform alignment and stacking; (3) verification of the enhanced weak return. The experimental waveform lidar data were acquired using Leica ALS60, Optech Pegasus, and Riegl Q680i. The experimental result indicates that the proposed method successfully extracts the weak returns while considering the geospatial relationships. The correctness and increasing rate of the extracted ground points are related to the vegetated coverage such as the complexity and density. The correctness is above 76% in this study. Because the nearest waveform has a higher correlation, the increase in distance of adjacent waveforms will reduce the correctness of the enhanced weak return.
Introduction
The generation of the digital surface model (DSM) or digital terrain model (DTM) from the remote sensing technology is an important task in many applications such as topographic mapping and geo-morphological analysis [1] . The DSM represents the 3D surface (e.g., building height), whereas the DTM is a topographic model of the bare earth (i.e., ground model). The DSM is commonly used in city modeling and land cover classification [2] , whereas the DTM is often required for geological analysis [3, 4] . Both models provide useful geospatial data to represent the 3D shapes of the Earth. The DTM can be generated by an image stereo pair or active sensor. The quality of image-derived DTM relies on the accuracy of image intersection and sufficient ground control points. Because the aerial photos cannot obtain information under the tree crown, the ground elevation in a complex vegetated area is extremely uncertain. The light detection and ranging (lidar) system is a type of active sensor, and the backscattering energy is recorded to describe the 3D topographic surface. The transmitted frequencies (i.e., pulse rate frequency, PRF) of the laser are up to hundreds of thousands of Hertz, and the penetration rate of lidar is relatively better than imagery in the forestry area [5] . Therefore, lidar has become a useful technology for high-resolution and high-accuracy DTM generation [6] .
The lidar system can be divided into multi-echo (ME) and full-waveform (FWF) systems based on different recording types. Multi-echo lidar only provides geometric properties such as 3D point clouds and the intensity, whereas full-waveform lidar provides geometric and waveform properties from the entire returned signals. A full-waveform lidar system can continually record the received signal for further analysis. Because FWF lidar provides more information than the conventional pulsed lidar, the waveform analysis is an important process to extract the implied information. For example, tree species [7] and canopy transmittance [8] . However, weak signals near background noise are commonly ignored in the waveform analysis [9] . Because of the continuity of laser scanning, the relationship among neighboring waveforms is highly correlated [10] . To maximize the benefits of FWF lidar data for practical applications, this study concentrates on the geospatial relationship among the lidar neighboring waveforms in ground point generation.
Traditionally, the waveform lidar processing is a pulse-based process. Although continuous laser pulses are correlated, the neighboring laser pulses are commonly not considered in waveform processing. For example, the echo detection of waveform lidar is commonly a pulse-by-pulse process; all echoes are individually detected.
The concept of geospatial-related waveform processing is similar to the lidar point cloud interpretation. A single-point interpretation requires that its surrounding points understand the attribute of the point. The information of a set of points is definitely better than a single point. A similar concept can be applied to waveform lidar, i.e., the processing of a pulse include its neighboring pulses in geospatial-related waveform processing. Because of the geospatial relationship between neighbor waveforms, several studies show the benefit of considering neighboring laser pulses in waveform lidar processing. In geospatial-related waveform visualization, Persson et al. (2005) [11] converted all received signals into 3D voxels and rendered the 3D voxels by the intensity of the signals. The aggregation of all waveforms in the 3D visualization enhanced the waveform interpretation capability. In a geospatial-related waveform feature extraction, the sub-pixel edge localization can be archived by analyzing the geospatial-related waveforms near the edge [12] [13] [14] . The location of building boundaries can be more precisely extracted by examining the waveforms on the roof-top, edge, and ground. The geospatial-related waveforms and properties of the echo can be used to refine the planimetric positions of the step edge. The idea of geospatial-related waveform feature extraction also applies in land cover classification. Tseng et al. (2015) [15] selected a number of waveforms in the cylinder to calculate multi-echo features for classification. The geospatial-related waveform classification results show higher accuracy than single-echo features.
Echo detection is an important process to extract the attributes of a reflecting surface from the waveform lidar. Traditionally, the received waveform composed of 1-D signals is individually analyzed to obtain physical features using the waveform decomposition technique. The waveform attributes from the echo detection include the location of the peak, echo width, and amplitude. Several researchers have reported that the full waveform can improve the point density compared to the traditional multi-echo lidar [16, 17] . The classic waveform timing estimation for large-footprint satellite laser altimetry includes the 50% rise time, peak, center of the area, mean, and mid-point methods [18] . The computational performance of these methods is notably high. Hence, these methods are commonly applied in on-the-fly waveform timing estimation for an airborne lidar system.
The challenges of echo detection [19, 20] include the (1) decomposition of overlapped returns, (2) determination of the precise location of the peak, and (3) extraction of the weak return. Because an emitted laser pulse within the footprint (which is also called a beam) may cover different objects, the received signals are the combination of different objects. These overlapped returns must be decomposed into several components to determine different objects. The distance from the transmitter to the object is derived from the location of the peak of the component. Therefore, the precision of the peak implies the precision of the distance from the transmitter to the object. Another issue of echo detection is the weak return from the ground under the steam, which is commonly caused by the low penetration of trees.
To overcome the problem of the overlapped signal, Wagner et al. (2006) [21] proposed a Gaussian decomposition method to decompose laser return signals into a series of Gaussian functions, where each component contains waveform attributes and the location of the peak. Because the Gaussian decomposition method detects the peak with high precision, the Gaussian decomposition method is widely used in the waveform decomposition for waveform lidar. It is also successfully applied to small-footprint full-waveform data. The location of the peak can be precisely determined by a robust waveform decomposition method [22] , and the maximum precision is 1/10 of the waveform sampling distance. Another approach is using Moment Distance (MD) framework rather than Gaussian decomposition. Salas et al. (2016 Salas et al. ( , 2017 [23, 24] introduced the MD framework to characterize the canopy height from the complex waveform shapes in the canopy area. It is implemented by analyzing the geometry and return signal of the waveform using the moment distance from the left and right pivots without the Gaussian fitting processes. The MD Index (MDI) showed high correlation with in-situ in canopy height estimation.
Instead of Gaussian distribution, several target functions such as asymmetric Weibull, Burr and Nakagami distributions have been adopted in waveform fitting [25] . Besides, several initial parameter estimations and different fitting algorithms have been presented to isolate waveform peaks from complex waveform shapes. For example, Trust Region algorithm [22] , the Expectation Maximization algorithm [11] , and the Levenberg-Marquardt algorithm [26] .
The weak returns are signals that are partially occluded by an object (e.g., a ground point under a tree) [27] . Hu et al. (2017) [28] developed an integrated approach to improve the terrain under vegetation canopies. This method combined the echo detection, terrain identification, and triangulation irregular network (TIN) generation for accurate DTM. The TIN model was progressively generated by adding the new ground point from rough terrain region. The generated DTM shown a high relationship with the ground measurement data. Yao and Stilla (2010) [10] developed a waveform stacking technique to enhance the weak returns for terrestrial waveform lidar. This method considered the geospatial connectivity of waveforms into a waveform cuboid. Each waveform slice was analyzed to enhance the weak surface response using an image-processing technique. The experimental results showed that the weak reflected signals from the partially occluded surface could be successfully detected for terrestrial lidar systems (TLSs). However, the proposed method was designed for a fixed static terrestrial lidar system. The problem of the weak return also occurs in airborne lidar, and there is a need to extract a weak return from ground points in the forest area [29, 30] , but the airborne lidar dynamically scans on a moving platform. The scenario of weak-return echo detection in airborne lidar is more complicated than the TLS.
Lidar signals may penetrate through the vegetation area. However, the return signal under a dense tree crown is generally a weak return. Consequently, the echo detection of weak return under a dense tree crown is challenging. Because most airborne lidar processing methods ignored the weak returns in the thresholding method [18] , this study concentrates on the weak return echo detection based on the geospatial relationship. Moreover, this study also overcomes the problem of waveform alignment for dynamic sampling for airborne lidar systems. The major contribution of this study is the establishment of a geospatial-related waveforms analysis method to extract weak laser pulses.
Several methods have been developed to enhance the ground surface from the synthetic waveform. The most common method is geospatial interpolation such as TIN-based interpolation, kriging interpolation, inverse distance weighting, and natural neighbor [31] . The geospatial interpolation simply uses the nearest reference ground points to fill the gaps in the ground surface. The interpolated ground point solely relies on reference ground points and the interpolation model. For example, the interpolated point by TIN-based interpolation method should be located on the 3D triangle plane. There are no additional observations to adjust the interpolated point to actual height. In order to gain more information for interpolated point, the lidar waveform is an observation related to the real environment. It can be used to refine the location of the interpolated ground point. For example, Hu et al. (2017) [28] used the TIN-based interpolation to predict the initial location, then, refined the ground location by Gaussian Fitting. Therefore, the extracted ground location is more precise than geospatial interpolation. The idea of geospatial-related waveforms analysis is to obtain the additional ground point based on multiple waveforms. The TIN-based approach only considered single waveform processing while the proposed scheme considered geospatial-related waveforms and gained more information for an additional ground point.
This study aims to detect the weak returns from airborne small-footprint full-waveform lidar using waveform alignment and stacking. The idea of this study is to analyze the waveform parameters from sequential waves. We assume that adjacent return signals are geospatially correlated and have similar waveform properties, which can be used to validate the correctness of the extracted waveform parameters. Specifically, the objectives of the study are to detect the weak response of lidar data based on the geospatial relationship.
Methodologies
We perform echo detection and localization for full-waveform lidar data in a low-penetration scene. To overcome the problem of weak returns in echo detection, we analyze the spatial relationship between the return signals by combining the sequential waves. The proposed method includes three major steps: (1) single-waveform processing for the initial echo detection, (2) multi-waveform processing for the weak echo detection, and (3) verification of the enhanced weak return. We use Gaussian smoothing to reduce the noise effect and applied the local maximum algorithm to extract the initial echo peaks. Then, we use the Gaussian decomposition technique for a single waveform to extract the waveform parameters, which include the peak, amplitude and echo width. The second stage analyzes the waveform parameters from sequential waves. Since the adjacent return signals are geospatially correlated for small-footprint lidar, the sequential waves are stacked together to enhance the weak returns. Then, the Gaussian decomposition technique in the previous stage is selected to decompose the stacked waveform. Because the weak ground echo is useful for terrain modeling, only the last echo is preserved in this stage. In the last step, the sequential waves have similar waveform properties, which can be used to validate the correctness of the extracted waveform parameters after the waveform stacking.
Single-Waveform Processing
The initial echo detection determines the number and location of peaks for the Gaussian decomposition [21, 32] . In the beginning, Gaussian smoothing is applied to reduce the noise effects. Then, a local maximum based on the zero-crossing algorithm [21, 33] is used to extract the local maximum points. The refinement conditions are that (1) the local maximum points should be larger than the background noise and (2) the distance between a point and the nearest neighbor point should be larger than a separability threshold. Figure 1 illustrates an example of the initial peak detection and refinement. Figure 1a shows the original extracted points using the zero-crossing algorithm. Figure 1b shows the selected points after removing the nearest neighbor points below the separability threshold. Figure 1c shows the final extracted points after removing the points below the background noise.
The Gaussian decomposition has the advantage of decreasing the effect of noise and waveform fluctuation [34] . Hence, the Gaussian distribution is selected for this study. Equation (1) is the mathematic model of waveform decomposition using a Gaussian distribution. The received waveform f (t) is a combination of Gaussian functions. After the Gaussian decomposition, waveform parameters such as the position, amplitude, and echo width can be extracted. The position indicates the 3D coordinates of a surface object; the amplitude is the magnitude of the return signals; The echo width is synthetically determined by surface slope and roughness of the target within a laser footprint. Figure 2 illustrates the Gaussian decomposition results. Figure 2a shows the input waveform and initial peaks (i.e., triangles) from the previous step. Figure 2b shows the fitting results using a Gaussian distribution. Figure 2c shows the final result of Gaussian decomposition, and the waveform is decomposed into four spatial objects in this example.
where f (t) is the received signals; t is the round-trip time; t i is the peak's time of target i; A i is the amplitude of target i; W i is the echo width of target i; n is the number of targets. 
Multi-Waveform Processing
The airborne lidar system acquires data at a small footprint and dense points on the surface. Hence, this study assumes that the adjacent waveforms from a small-footprint lidar system are geospatially correlated. Figure 3a shows the top view of the building lidar points, and Figure 3b shows the corresponding waveform transect. We select a profile that covers building rooftop and ground in Figure 3a to visualize a set of sequential waveforms in the same scanning line. Figure 3b shows the spatial locations of every waveform samples and the samples are colored by waveform strength. In Figure 3b , the neighbor waveforms show similar behavior because they have a higher correlation. Besides, the starting points of each waveform are not the same. The waveform stacking process cannot stack neighbor waveforms directly. The average ground distance between waveform spacing is approximately 70 cm, whereas the footprint is approximately 50 cm in this example. Adjacent waveforms usually have similar return signals in a short distance. The surface object with significant returned signals can be extracted in the single-waveform processing. However, the weak returned signal from the low-penetration object cannot be extracted in the single-waveform processing. This study focuses on the weak return ground points in the forest area. Therefore, only the last echo is extracted in the multi-waveform weak waveform.
The first step of multi-waveform processing is to determine the neighboring waveforms among all waveforms in a mission. There are two possibilities to find the neighboring waveforms: using the GPS time for each waveform and searching through the data to find the nearest waveform via ground distance. The nearest-waveform searching in the ground space is notably time-consuming, so this study uses the GPS time to compare the time difference between waveforms. Figure 3c shows an example of time series waveforms after time sorting in a forest area. 
The first step of multi-waveform processing is to determine the neighboring waveforms among all waveforms in a mission. There are two possibilities to find the neighboring waveforms: using the GPS time for each waveform and searching through the data to find the nearest waveform via ground distance. The nearest-waveform searching in the ground space is notably time-consuming, so this study uses the GPS time to compare the time difference between waveforms. Figure 3c shows an example of time series waveforms after time sorting in a forest area. The second step of multi-waveform processing is waveform alignment and stacking. The sampling time interval for the airborne waveform lidar system is commonly 1 ns, which is equivalent to 0.3 m in space considering the round trip for the laser. If the lidar system records the entire signals from air to ground, most signals are going through the air, and the data volume is huge. For example, there are 4000 samples (600 m/0.15 m) at a 600 m flying height for a single pulse. To reduce the data volume and preserve useful signals, the lidar system only provides the waveform from an anchor point to the ground. The data length is commonly 256 samples (256 × 0.15 m = 38.4 m in length), and the anchor points of the pulses do not have identical locations. Each pulse has its own anchor point (X0, Y0, Z0) and directional vector (dX, dY, dZ); the 3D coordinates (X, Y, Z) of every sample in a pulse can be calculated by a scale factor (s) in Equation (2) .
where (X, Y, Z) are object coordinates; (X0, Y0, Z0) are the anchor point for each pulse; s is scale factor; (dX, dY, dZ) is the directional vector.
The locations of the anchor points of the pulses slightly vary. Thus, the waveform stacking process cannot directly stack neighbor waveforms (Figure 4a ). The waveform alignment is based on the location of the anchor point in the object space to calculate the shifting between waveforms. Assume that the line-of-sights (LOSs) for three sequential pulses in a scan line is a plane, the waveform alignment calculates the perpendicular intersection points between the master and neighboring waveforms. Then, the shifting parameters are calculated from an intersection point and a starting point of a waveform. The precision of shifting parameters is better than 1 sample (e.g., 1 ns). It is used to translate the neighboring waveforms based on the coordinate system of the master waveform. The scanning direction of each pulse is implied on the directional vectors (dX, dY, dZ). Therefore, the impact of scanning angle has been considered in the waveform alignment. As the difference of scanning angles between adjacent waveforms is very small (e.g., less than 0.02 degrees), the scanning angles of adjacent waveforms can be assumed as parallel to each other. The shifting direction is the pointing direction of each waveform. The waveform stacking simply translates a neighbor waveform to align the master and neighbor waveforms (Figure 4b ).
After the waveforms have been aligned, the master and adjacency waveforms are combined into a stacked waveform. As all the waveforms are aligned in slant range direction, the waveform stacking takes the average of master and neighbor waveforms based on the corresponding location. Figure 4c shows an example of waveform alignment and stacking. The green waveform is the master waveform to enhance, whereas the blue and red waveforms are adjacent waveforms. These three waveforms are combined into a stacked waveform after alignment and stacking. The stacking result is the black waveform. Finally, Gaussian decomposition is applied to extract the peak location of the weak returns. To compare the original waveform (Green) and stacked waveform (Black), the weak signal of the last echo in the original waveform can be enhanced by adjacent waveforms after stacking. 
where (X, Y, Z) are object coordinates; (X 0 , Y 0 , Z 0 ) are the anchor point for each pulse; s is scale factor; (dX, dY, dZ) is the directional vector. The locations of the anchor points of the pulses slightly vary. Thus, the waveform stacking process cannot directly stack neighbor waveforms (Figure 4a ). The waveform alignment is based on the location of the anchor point in the object space to calculate the shifting between waveforms. Assume that the line-of-sights (LOSs) for three sequential pulses in a scan line is a plane, the waveform alignment calculates the perpendicular intersection points between the master and neighboring waveforms. Then, the shifting parameters are calculated from an intersection point and a starting point of a waveform. The precision of shifting parameters is better than 1 sample (e.g., 1 ns). It is used to translate the neighboring waveforms based on the coordinate system of the master waveform. The scanning direction of each pulse is implied on the directional vectors (dX, dY, dZ). Therefore, the impact of scanning angle has been considered in the waveform alignment. As the difference of scanning angles between adjacent waveforms is very small (e.g., less than 0.02 degrees), the scanning angles of adjacent waveforms can be assumed as parallel to each other. The shifting direction is the pointing direction of each waveform. The waveform stacking simply translates a neighbor waveform to align the master and neighbor waveforms (Figure 4b) .
After the waveforms have been aligned, the master and adjacency waveforms are combined into a stacked waveform. As all the waveforms are aligned in slant range direction, the waveform stacking takes the average of master and neighbor waveforms based on the corresponding location. Figure 4c shows an example of waveform alignment and stacking. The green waveform is the master waveform to enhance, whereas the blue and red waveforms are adjacent waveforms. These three waveforms are combined into a stacked waveform after alignment and stacking. The stacking result is the black waveform. Finally, Gaussian decomposition is applied to extract the peak location of the weak returns. To compare the original waveform (Green) and stacked waveform (Black), the weak signal of the last echo in the original waveform can be enhanced by adjacent waveforms after stacking. The last step of multi-waveform processing is Gaussian decomposition, as mentioned in Section 2.1. The Gaussian decomposition extracts several echoes from the stacked waveform. The multiwaveform processing technique only considers the last echo (Figure 4d ) because the first and intermedium echoes have been extracted in the single-waveform processing. Another reason is that the weak echo commonly occurs in the last return caused by the low penetration rate. The proposed method assumes that the weak return is the last return. Only the return usually has a higher strength and will not be considered as a weak return. For the stacked waveform that only has one peak, this peak has been extracted in the single waveform extraction and will not be considered as an additional point for verification.
Verification of the Enhanced Weak Last Return
The multi-waveform processing technique is applied to all sequential waveforms. To avoid redundancy and incorrect echoes, this study designs three criteria by comparing the results of singlewaveform processing and multi-waveform processing. The results of the master waveform include the echoes from single-waveform processing and the last echo from the multi-waveform processing. If the peak location from these two methods is smaller than a predefined threshold (i.e., 2.5σ = 2.5 × 0.3 m = 0.75 m), these two echoes are considered as the same echo, and we remove the result from the multi-waveform processing. This verification can remove redundancy. The results of the neighbor waveforms are not included in this verification.
The second criterion compares the last echo from the multi-waveform method and the two last echoes from the two neighbor waveforms in the single-waveform method. To ensure that the last echoes from two neighbor waveforms cover the same object, we assume that the terrain relief in a short distance is smooth, and the vertical distance between these two last echoes should be less than a vertical threshold T1 of 3 m. After the waveform alignment, the last echoes from two neighbor waveforms can be linked to a line, and the intersection between the linked line and the master waveform is a pseudo echo for verification. If the distance between the pseudo echo and last echo The last step of multi-waveform processing is Gaussian decomposition, as mentioned in Section 2.1. The Gaussian decomposition extracts several echoes from the stacked waveform. The multi-waveform processing technique only considers the last echo (Figure 4d ) because the first and intermedium echoes have been extracted in the single-waveform processing. Another reason is that the weak echo commonly occurs in the last return caused by the low penetration rate. The proposed method assumes that the weak return is the last return. Only the return usually has a higher strength and will not be considered as a weak return. For the stacked waveform that only has one peak, this peak has been extracted in the single waveform extraction and will not be considered as an additional point for verification.
The multi-waveform processing technique is applied to all sequential waveforms. To avoid redundancy and incorrect echoes, this study designs three criteria by comparing the results of single-waveform processing and multi-waveform processing. The results of the master waveform include the echoes from single-waveform processing and the last echo from the multi-waveform processing. If the peak location from these two methods is smaller than a predefined threshold (i.e., 2.5σ = 2.5 × 0.3 m = 0.75 m), these two echoes are considered as the same echo, and we remove the result from the multi-waveform processing. This verification can remove redundancy. The results of the neighbor waveforms are not included in this verification.
The second criterion compares the last echo from the multi-waveform method and the two last echoes from the two neighbor waveforms in the single-waveform method. To ensure that the last echoes from two neighbor waveforms cover the same object, we assume that the terrain relief in a short distance is smooth, and the vertical distance between these two last echoes should be less than a vertical threshold T 1 of 3 m. After the waveform alignment, the last echoes from two neighbor waveforms can be linked to a line, and the intersection between the linked line and the master waveform is a pseudo echo for verification. If the distance between the pseudo echo and last echo from multi-waveform method is larger than a predefined threshold (i.e., 2.5σ = 2.5 × 0.3 m = 0.75 m), the extracted last echo will be far away from this pseudo echo and is considered as an incorrect echo.
The last criterion evaluates that the last echo from the multi-waveform method is a ground point. Commonly, the distance between the tree crown (e.g., the first return) and a ground point (e.g., the last return) is relatively large. The ground point under the tree crown is commonly a weak return for multi-waveform processing. If the vertical distance between the first and the last echoes in the multi-waveform method is smaller than a vertical threshold T 2 of 2.25 m, the last echo is considered a non-ground point and we remove the result from the multi-waveform method.
Accuracy Assessment
The evaluations were performed in four steps. First, we considered the correctness of different vertical thresholds in the verification of the enhanced weak last return. The correctness was verified by manual editing and defined by Equation (3). Second, we compared the enhanced weak last return covering with different forest complexities. The correctness and increasing rate were selected to compare the results from the original point clouds, single-waveform processing, and multi-waveform. The increasing rate is the number ratio of original and enhanced ground points (Equation (4)). Third, we analyzed the effect of the distance between neighbor and master waveforms. To discuss the geospatial-related waveforms in different distances, we used the correctness to evaluate the overall performance in different spatial distances. The last part analyzed the effect of the sampling length per waveform. The different lidar systems provide different numbers of the sample length, for example, 256 samples for Leica system and 100 samples for Rigel system in this study. We assessed the correctness from different sampling lengths per waveform.
where C % is the correctness in percentage; N GC is the number of correct ground points; N GT is the total number of ground points; I % is the increasing rate; N GM is the number of ground points from multi-waveform processing; N GO is the number of ground points before multi-waveform processing.
Test Data
The test area is a forest area in central Taiwan; three areas with different tree complexities were selected to evaluate the proposed method. The size of each test area was 20 m by 60 m. Table 1 summarizes the parameters of the test area. The tree densities for areas 1, 2 and 3 are low, medium and high, respectively. Area 1 has relatively lower tree heights (3-15 m) than other areas (3-23 m). Area 3 contains multilayer vegetation and has a relatively lower penetration rate than other areas. For area 1, the waveform lidar data were acquired by Leica ALS60, Optech Pegasus, and Riegl Q680i, respectively. For areas 2 and 3, only the waveform lidar from Leica ALS60 is available. Figure 5 shows the original lidar points for these three areas. All data were recorded in the format of LAS1.3 [35] with waveform information. The dataset of Leica and Riegl used the regular number of sample for a waveform. The numbers of sample per waveform for Leica and Riegl are 256 samples and 100 samples at 1 nano-sec sampling interval, respectively. These numbers are equivalent to 38.4 m and 15 m in the slant range. To reduce the data volume, the Optech dataset provides different numbers of samples (56-216 samples) in length for different pulses. The number of the sample is equivalent to 8.4-32.4 m. Since the tree height in area 1 is less than 15 m, the waveform data from these three sensors can cover from the treetop to the ground. We selected area 1 to compare the results from these three sensors. 
Results

Analysis of Vertical Thresholds
Cases 1, 2, and 3 were used in the threshold analysis. The correctness and number of the correct point were manually evaluated by profiling the lidar points in the TerraScan software. We used two vertical thresholds (T1 and T2) in the verification of the enhanced weak last return. Threshold T1 evaluates that the last echoes from two neighbor waveforms cover the same object, whereas threshold T2 evaluates that the last echo from the multi-waveform method is a ground point. According to the tree height and topography elevation, the initial thresholds T1 and T2 are defined as 3 ± 1.5 m and 2.25 ± 0.75 m, respectively. Table 2 shows the results of the correctness and number of correct points using different thresholds T1 (i.e., 4.5 m, 3 m and 1.5 m). T2 was fixed as 2.25 m in the evaluation of T1. Because the local terrain relief in sequential pulses was small, the vertical distance of 4.5 m between two last echoes produced a low correctness (53-64%) compared to other thresholds. Although the threshold 
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Analysis of Vertical Thresholds
Cases 1, 2, and 3 were used in the threshold analysis. The correctness and number of the correct point were manually evaluated by profiling the lidar points in the TerraScan software. We used two vertical thresholds (T 1 and T 2 ) in the verification of the enhanced weak last return. Threshold T 1 evaluates that the last echoes from two neighbor waveforms cover the same object, whereas threshold T 2 evaluates that the last echo from the multi-waveform method is a ground point. According to the tree height and topography elevation, the initial thresholds T 1 and T 2 are defined as 3 ± 1.5 m and 2.25 ± 0.75 m, respectively. Table 2 shows the results of the correctness and number of correct points using different thresholds T 1 (i.e., 4.5 m, 3 m and 1.5 m). T 2 was fixed as 2.25 m in the evaluation of T 1 . Because the local terrain relief in sequential pulses was small, the vertical distance of 4.5 m between two last echoes produced a low correctness (53-64%) compared to other thresholds. Although the threshold 1.5 m has a higher correctness, it has fewer correct ground points than other thresholds. Therefore, we selected 3 m for threshold T 1 to preserve both correctness and the number of correct points. Table 3 shows the results using different threshold T 2 values (i.e., 3 m, 2.25 m, and 1.5 m). T 1 was fixed as 3 m in the evaluation of T 2 . We assumed that the weak return (e.g., ground) was under the tree crown. Hence, the distance between the enhanced last echo and the first echo should be larger than T 2 . The threshold T 2 evaluates that the extracted pulse is from the ground, and this parameter was obtained based on the smallest height of vegetation in the test area. The threshold of 1.5 m generated many incorrect ground points than other thresholds, so it had a lower correctness than the other parameters. However, the threshold of 3 m produced fewer correct points. Overall, the threshold of 2.25 m showed the highest correctness among all parameters. Therefore, we selected 2.25 m for threshold T 2 to preserve both correctness and the number of correct points. 
Comparison of Different Forest Densities
This section uses cases 1, 2, and 3 to analyze the results from different complexities. To demonstrate the low return signal from the enhanced last echo using multi-waveform processing, this section compared the intensity of the last extracted echo between adjacent waveforms (Figure 6a,b) , master waveform ( Figure 6c ) and background noise of the master waveform (Figure 6d ). Figure 6 shows the intensity histogram, where the x-axis and y-axis are the intensity and number of echoes, respectively. Figure 6c shows the intensity of the extracted last echo using the proposed multi-waveform processing. The adjacent waveforms show higher strength (20-70 and 20-90) than the master waveform (14-21). Thus, the proposed waveform stacking can enhance the weak return using adjacent waveforms. The weak return of the master waveforms was 14-21 and overlapped with the background noise level (12.5-15) . This weak return was not easy to extract via single-waveform processing when it was similar to the background noise. Thus, the proposed method can extract the weak returns on the ground when we consider the geospatial relationships. Table 4 shows the statistical results to compare the ground points of the original dataset, single-waveform processing, and multi-waveform processing. The single-waveform processing extracts both ground and non-ground points, whereas multi-waveform method only considers the ground points. The numbers of ground points from the original dataset and single-waveform processing were manually identified. The increasing rate is the number ratio of the increased points and original ground points. The increasing rates of single-waveform processing were +18-59%, which are similar to the previous study [16, 36] . The multi-waveform method could extract additional weak ground points (+3-12%) after the traditional single-waveform processing. The multi-waveform method extracted the last return as a ground point, and the evaluation shows that the correctness was above 76% in the three cases. To compare the complexities in these three cases, case 1 shows a lower tree crown coverage because it has the highest percentage of ground points (55%). Because of the lower tree coverage, case 1 also has a lower increasing rate (+18% and +3%) after single-and multi-waveform processing. The number of increased ground points is related to the pulse density, whereas the increasing rate is related to the penetration rate. Case 3 has a lower penetration rate as the percentage of the ground point was only 9%. Therefore, the single-waveform and multi-waveform methods effectively increased the number of ground points and the increasing rate in case 3 (+59% and +26%). Thus, the proposed method helps to increase the percentage of ground points compared to discrete lidar. These three cases had similar trends of the increasing rate for single-and multi-waveform processing. To compare the complexities in these three cases, case 1 shows a lower tree crown coverage because it has the highest percentage of ground points (55%). Because of the lower tree coverage, case 1 also has a lower increasing rate (+18% and +3%) after single-and multi-waveform processing. The number of increased ground points is related to the pulse density, whereas the increasing rate is related to the penetration rate. Case 3 has a lower penetration rate as the percentage of the ground point was only 9%. Therefore, the single-waveform and multi-waveform methods effectively increased the number of ground points and the increasing rate in case 3 (+59% and +26%). Thus, the proposed method helps to increase the percentage of ground points compared to discrete lidar. These three cases had similar trends of the increasing rate for single-and multi-waveform processing. Moreover, the correctness of the multi-waveform method was 76% for all cases.
Comparison of Different Spatial Distances between Waveforms
This section uses cases 1-3 to analyze the effect of the adjacent waveform selection in different spatial distances. We designed three spatial distances in waveform stacking. Distance 1 selected two nearest waveforms; distances 2 and 3 were the 2nd and 3rd neighbor waveforms. The spatial distances for distances 1-3 were 0.4-0.7 m, 0.7-1.4 m, and 1.4-2.1 m, respectively (Figure 7) . The correctness of the ground point from different spatial distances is shown in Figure 8 . The results show that the nearest waveforms have higher correlation; consequently, distance 1 had the highest correctness among the three distances. For a complex area such as case 3, the correctness was reduced from 76% to 58%. In summary, the larger spatial distance may reduce the correctness. Therefore, this study suggests considering the nearest waveforms such as distance 1 in waveform stacking.
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We also analyzed the effects of different sampling numbers per waveform. Cases 1, 4, and 5 were located in the same area but had different numbers of samples. Cases 1 and 4 had 256 samples and 100 samples at 1 ns sample interval, and the corresponding spatial lengths were 38.4 m and 15 m, respectively. Case 5 provides different numbers of samples (56-216 samples) according to the different objects. Figure 9 shows different waveforms from cases 1 and 4. In Figure 9a , the time difference between the first return and the last return was 115 ns (17.25 m). In Figure 9b , the time difference between the first return and the last return was 30 ns (4.5 m). Figure 9 demonstrates that the larger sampling number covers more comprehensive information than the smaller one. The available sampling number per waveform is the limitation of using LAS 1.3 in this study, which can be overcome by using the data before converting to LAS, e.g., the SDF file format from the Riegl system. Table 5 compares the results using different sampling numbers. Because of the length of the sampling number, case 4 has the lowest increasing point from single-waveform processing and multiwaveform processing. The results show that the sampling numbers per waveform are an important factor to cover from the treetop to the ground. A comparison of the results of single-waveform processing for the three cases shows that case 1 had more increased points (+325 points) than the other cases. The original points of case 1 were extracted from the return signals using a simple thresholding algorithm. Therefore, the Gaussian decomposition in single-waveform processing significantly extracts the ground points. Although case 5 had only 50 increased ground points after the single-waveform processing, it had the largest number of increased ground points using the multi-waveform method (+158 points). This result shows the benefit of using dual laser systems in different acquisition directions for the Optech Pegasus system; different scanning directions increase the possibilities of penetration in the forest area. Hence, the multi-waveform method for case 5 effectively extracted more weak ground than other cases. In addition, the dynamic sampling numbers for case 5 may reduce the file size and preserve the capability of weak waveform enhancement. Overall, the correctness of the proposed method was 76-78% in different cases. Thus, the proposed method can provide stable correctness from different sampling numbers. Table 5 compares the results using different sampling numbers. Because of the length of the sampling number, case 4 has the lowest increasing point from single-waveform processing and multi-waveform processing. The results show that the sampling numbers per waveform are an important factor to cover from the treetop to the ground. A comparison of the results of single-waveform processing for the three cases shows that case 1 had more increased points (+325 points) than the other cases. The original points of case 1 were extracted from the return signals using a simple thresholding algorithm. Therefore, the Gaussian decomposition in single-waveform processing significantly extracts the ground points. Although case 5 had only 50 increased ground points after the single-waveform processing, it had the largest number of increased ground points using the multi-waveform method (+158 points). This result shows the benefit of using dual laser systems in different acquisition directions for the Optech Pegasus system; different scanning directions increase the possibilities of penetration in the forest area. Hence, the multi-waveform method for case 5 effectively extracted more weak ground than other cases. In addition, the dynamic sampling numbers for case 5 may reduce the file size and preserve the capability of weak waveform enhancement. Overall, the correctness of the proposed method was 76-78% in different cases. Thus, the proposed method can provide stable correctness from different sampling numbers.
Conclusions and Future Works
This study proposed a multi-waveform processing technique to extract weak returns. We assume that adjacent waveforms are geospatially correlated and have similar waveform properties, which can be used to validate the correctness of the extracted echo. The major contributions of this study are the (1) establishment of a geospatial-related waveforms analysis to extract weak returns; (2) the comparison of the results of single-waveform and multi-waveform processing; and (3) the evaluation of the effect of different sampling numbers per waveform from different lidar systems. The proposed scheme integrates sequential waveforms to identify the weak return and subsequently improves the number of ground points in the forest area.
This study concludes that (1) the proposed method can extract the weak returns, which are similar to the background noise; (2) The nearest waveforms have a higher correlation, so the integration of nearest waveforms shows a higher correctness. The correctness was 76-80% for cases 1-3; (3) To compare the sampling numbers per waveform, the shortest sampling number has the lowest increasing point from both single-processing and multi-waveform processing. The sampling number per waveform is one of the key factors for the proposed method.
The aim of this study is to redetect the partially occluded weak return by multi-waveform processing. The waveform staking is to enhance the partially weak return from the ground surface. If the crown layer occurs within waveform spacing and the progressive waveforms are totally occluded by the tree crown, the waveform staking will extract the additional point on the crown cover but not the ground surface. Hence, the limitation of the proposed method is to not be able to enhance the ground surface totally occluded by the tree crown.
The proposed method assumed that the sequential waveforms along the scanning direction have a higher correlation. The synthetic waveform was combined by sequential waveforms in the same scan line and the adjacent waveforms between scan lines were not considered in the waveform stacking. In order to gain more spatial neighboring information, future works will focus on examining different adjacent waveforms from different scan lines for a 3D synthetic waveform. 
